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The Schwarzschild-de Sitter solution in the Einstein theory with a positive cosmological
constant Λ = m2/α becomes an exact solution to the dRGT non-linear massive gravity
theory with the mass parameter m when the theory parameters α and β satisfy the
relation β = α2. We study the perturbative behaviour of this black hole solution in the
non-linear dRGT theory with β = α2. We find that the linear perturbation equations
become identical to those for the vacuum Einstein theory when they are expressed in
terms of the gauge-invariant variables. This implies that this black hole is stable in the
dRGT theory as far as the spacetime structure is concerned in contrast to the case of the
bi-Schwarzschild solution in the bi-metric theory. However, we have also found a patho-
logical feature that the general solution to the perturbation equations contain a single
arbitrary function of spacetime coordinates. This implies a degeneracy of dynamics in
the Stu¨ckelberg field sector at the linear perturbation level in this background. Physical
significance of this degenercy depends on how the Stu¨ckelberg fields couple observable
fields.
1. Introduction
One of the biggest problems in cosmology is to explain the current accelerated expansion
of the universe. In the standard theory of gravity, i.e. general relativity, this reduces to the
cosmological constant (Λ) problem or the dark energy problem [1, 2] if we require the spatial
homogeneity(Cf. [3–5]). Beside this standard approach, many alternative theories have been
suggested in order to solve this problem. Among the most populars, we have modified gravity
theories (MOG) [6], non-localities [7] and massive gravity theories [8], which are just large
scale modifications of gravity.
In order for such a theory to be a real theory of nature, it must be consistent with all
the observed features. In particular, it must be consistent with the ’observed’ existence of
astrophysical black holes. In many case, this requirement leads to non-trivial constraints.
For example, it was recently claimed that the bi-Schwarzschild solution is unstable against a
spherically symmetric perturbation in the bi-metric theory of gravity[9]. Motivated by this,
the stability of the Schwarzschild-de Sitter black hole was analyzed in the framework of
the linear massive gravity theory by Brito, Cardoso and Pani[10, 11]. They found that the
black hole is unstable generically, but becomes stable when the mass of the graviton takes
the particular value m2 = 2Λ/3. In this case, the theory is inside the regime of partially
massless gravity, where the Vainshtein mechanism seems to be unnecessary since the DVZ
discontinuity does not appear anymore[12]. However, it has been demonstrated that the
partially massless theories of gravity have several problems of consistency [13].
In the present paper, we analyze the stability of the Schwarzschild-de Sitter solution in
the framework of the non-linear dRGT massive theory of gravity. We do not introduce the
cosmological constant as an extra parameter of the theory, but instead, we utilize the fact
that the Schwarzschild-de Sitter black hole is an exact solution to the non-linear dRGT
theory if the parameters α = 1 + 3α3 and β = 3(α3 + 4α4) of the theory satisfy the relation
β = α2. For this parameter choice, the mass term of the theory behaves exactly as the
cosmological constant term in the Einstein theory for a spherically symmetric geometry as
pointed out by Berezhiani et al[14]. We exhaust all Schwarzschild-de Sitter-type solutions to
the non-linear dRGT theory in the unitary gauge for the Stu¨ckelberg fields assuming β = α2.
We find a family of solutions that are gauge equivalent to the standard Schwarzschild-
de Sitter solution if we neglect the non-trivial transformation of the Stu¨ckelberg fields. In
the massive gravity theory, they should be regarded as different solutions because if the
metric are put into the standard Schwarzschild-de Sitter form, the Stu¨ckelberg fields behave
differently.The solution obtained in [14] is one solution in this family that is regular at the
future horizon. There exists no solution that is regular both at the future and the past
horizons.
We consider linear perturbations of this background solution in the framework of the
nonlinear dRGT theory only assuming the parameter relation β = α2. Hence, we generally
expect to obtain perturbation equations that are different from those in the Einstein theory
with the cosmological constant. In fact, we do if we do not impose the constraint coming from
the Bianchi identity on the mass term. However, when we impose that constraint, the extra
terms are required to vanish. Hence, we obtain the perturbation equations that are identical
to those in the Einstein theory with a cosmological constant and some additional constraints
on the metric perturbation variables that correspond to the gauge-dependent parts in the
Einstein theory. From this result and the Birkhoff theorem for the Einstein theory, we can
easily find the general solution to the perturbation equations and deduce the stability of the
black hole against linear perturbations concerning the spacetime structure. However, we also
find that this general solution contains an arbitrary function of the spacetime coordinates
that reduces to a part of the gauge transformation freedom in the absense of the Stu¨ckelberg
fiels. In the gauge in which the background metric takes the standard Schwarzschild-de Sitter
form, this freedom goes to the Stu¨ckelberg fields. Hence, we cannot determine the behavior
of the fields only by initial data. Along with this general argument, we point out that the
general solution to the vector-type perturbation equations contains a family of stationary
modes that correspond the rotation of a black hole in the Einstein theory.
The paper is organized as follows. In Section 2, we summarize the basic part of the dRGT
non-linear massive gravity formalism that is relevant to the present paper. In Section 3, we
show that the mass term in the field equation of the dRGT theory becomes identical to
the cosmological constant term for an arbitrary spherically symmetric metric in the unitary
gauge for the Stu¨ckelberg fields when the theory parameters satisfy the relation β = α2, and
that as a consequence the Schwarzschild-de Sitter spacetime becomes an exact solution in the
dRGT theory for this parameter relation. We also develop details of the Schwarzschild-de
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Sitter solution in the dRGT theory. In Section 4, we make a brief review of the gauge-
invariant formulation for perturbations of a black hole. In Section 5, we derive perturbation
equations for the Schwarzschild-de Sitter type background in the dRGT theory, and then
in Section 6, we introduce gauge-invariant variables for the present system by treating the
Stu¨ckelberg fields to be dynamical and express the perturbation equations in terms of them.
In Section 7, we summarize and conclude. In Appendix A, we show that there exist other
parameter choices for which the dRGT theory admits a Schwarzschild-de Sitter type solution
and exhaust all possibilities.
2. The dRGT theory
In the standard formalism of the dRGT theory, the action is given by [8]
S =
1
2κ2
∫
d4x
√−g(R+m2U(g, φ)) (1)
with the effective potential depending on two free parameters as
U(g, φ) = U2 + α3U3 + α4U4. (2)
The dependence of each term Un on the metric g and the Stu¨ckelberg field φ
a is determined
in terms of the matrix Q = (Qµν) defined by
Q = 1−M , (M 2)µν = gµλfλν , (3a)
fµν = ηab∂µφ
a∂νφ
b, (3b)
as
U2 = Q
2
1 −Q2, (4a)
U3 = Q
3
1 − 3Q1Q2 + 2Q3, (4b)
U4 = Q
4
1 − 6Q21Q2 + 8Q1Q3 + 3Q22 − 6Q4, (4c)
(4d)
where
Qn = Tr(Q
n). (5)
The potential U is unique. It is impossible to add polynomial terms without introducing a
ghost [8, 14].
By taking a variation of the action with respect to the metric, we obtain the field equation
Gµν = −m2Xµν , (6)
where
Xµν =
δU
δgµν
− 1
2
Ugµν . (7)
Its mixed components X = (Xµν) = g
µλXλν can be explicitly expressed in the matrix form
in terms of the matrix Q as
X = χ0 + χ1Q + χ2Q
2 + χ3Q
3, (8)
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where
χ0 = −β
3
Q3 +
α+ βQ1
2
Q2 −Q1 − α
2
Q21 −
β
6
Q31, (9a)
χ1 = 1 + αQ1 +
β
2
(Q21 −Q2), (9b)
χ2 = −α− βQ1, (9c)
χ3 = β, (9d)
with
α = 1 + 3α3, β = 3(α3 + 4α4) (10)
Throughout the present paper, we use α and β instead of α3 and α4.
In this generally covariant formulation, we can regard the Stu¨ckelberg fields either to be
dynamical or to be non-dynamical. This is because the dynamical equation for φa obtained
from the action by a variation with respect to φa is practically equivalent to the consistency
equation obtained from (6) by the Bianchi identity.
To see this, we use the diffeomorphism invariance of the mass term of the action,∫
d4x′
√
−g′U(g′, φ′) =
∫
d4x
√−gU(g, φ). (11)
For an infinitesimal coordinate transformation
δx = ζµ, δgµν = −2∇(µζν), δφ = −ζµ∂µφ, (12)
this equation leads to
0 =
∫
d4x
√−g
(
−m2∇νXµνζµ − δU
δφ
∇µφζµ
)
. (13)
Because ζµ is an arbitrary vector field, we obtain
m2∇νXνµ = −∂µφa δU
δφa
= ∂µφ
a∇ν
(
δU
∂(∂νφa)
)
. (14)
Therefore, if the field equation (6) holds, the left-hand side of this equation should vanish
due to the Bianchi identity ∇νGνµ ≡ 0. Because ∂µφa is a regular matrix, this constraint is
equivalent to the Euler equation for the Stu¨ckelberg field,
∇µ
(
∂U
∂(∂µφa)
)
= 0. (15)
3. The Schwarzschild-de Sitter solution
If the Schwarzschild-de Sitter solution satisfies the field equations in massive gravity, the
tensor Xµν becomes a constant multiple of gµν for that metric[14]:
m2Xµν = Λgµν . (16)
Conversely, if a solution to the field equations (6) satisfies this relation, it must be a solution
to the vacuum Einstein equations with Λ. Hence, if it is spherically symmetric, the solution
must be diffeomorphic to the Schwarzschild-de Sitter solution. Note that this does not implies
the uniqueness of the solution because although the matrices of two solutions are related
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by a coordinate transformation, the Stu¨ckelberg fields may not be related by the same
transformation.
In this section, we examine under what conditions (16) holds for spherically symmetric
spacetimes. In particular, we show that if the parameters α3 and α4 satisfy the relation
β = α2, (17)
any spherically symmetric metric of the form
ds2 = gtt(t, r)dt
2 + 2gtr(t, r)dtdr + grr(t, r)dr
2 + r2S(t, r)2dΩ22 (18)
satisfies the condition (16) with
Λ = m2
1− S0
S0
=
m2
α
, (19)
if S(t, r) is a constant given by
S = S0 :=
α
α+ 1
. (20)
Note that the cosmological constant Λ is different from zero for any finite value of α if
m2 6= 0.
To prove this, we work in the unitary gauge in which the Stu¨ckelberg fields φa are given
by
φ0 = t, φ1 = x = r cos θ, φ2 = y = r sin θ cosφ, φ3 = z = r sin θ sinφ (21)
in the Cartesian Minkowski coordinates. In this gauge, the reference metric fµν in the
spherical coordinates is given by
fµνdx
µdxν = −dt2 + dr2 + r2(dθ2 + sin2 θ dφ2). (22)
Hence, for the metric (18), the matrix M 2 defined by (3a) is given by
M
2 =


−gtt gtr 0 0
−gtr grr 0 0
0 0 1S2 0
0 0 0 1S2

 . (23)
From this, we find that the matrix Q can be expressed in the form
Q =


a c 0 0
−c b 0 0
0 0 1− 1S 0
0 0 0 1− 1S

 , (24)
where a, b and c are expressed in terms of the metric coefficients as
1− a = 1
M1
(−gtt + (−g(2))−1/2), (25a)
c = − g
tr
M1
, (25b)
1− b = 1
M1
(grr + (−g(2))−1/2), (25c)
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with
M1 = (−g(2))−1/2
(
−gtt + grr + 2(−g(2))1/2
)1/2
, (26)
g(2) = gttgrr − g2tr, (27)
We can also express gµν in terms of the components of Q as
gtt = − (1− b)
2 − c2
[(1− a)(1− b) + c2]2 , (28a)
grr =
(1− a)2 − c2
[(1 − a)(1− b) + c2]2 , (28b)
gtr = − c(2− a− b)
[(1− a)(1− b) + c2]2 , (28c)
gθθ = r
2S2, gφφ = r
2S2 sin2 θ. (28d)
In particular,
(−g(2))−1/2 = c2 + (1− a)(1− b). (29)
If we substitute the expression for Q in terms of a, b, c and S into (8), we get
Xtt = −bF3 − (F1 + 1)(S − 1)
S
, (30a)
Xtr = cF3, (30b)
Xtt −Xrr = (a− b)F3, (30c)
Xtt −Xθθ = F1
(
a− 1 + 1
S
)
+ F2
(
ab+ c2 − b(S − 1)
S
)
, (30d)
where F1, F2 and F3 are functions of S defined by
F1 = α+ 1− α
S
, (31a)
F2 = α+ β − β
S
, (31b)
F3 = F1 +
(S − 1)
S
F2. (31c)
Now, it is easy to see that all of F1, F2 and F3 vanish if the relations (17) and (20) hold.
This means that X = (Xµν) becomes a multiple of the unit matrix:
Xµν =
1− S
S
δµν . (32)
Note that this holds independent of the functional dependences of a(t, r), b(t, r) and c(t, r).
If we require that the metric (18) be a solution of the field equations (6) with (17), owing
to the Birkhoff theorem for the Einstein vacuum system, it must be isomorphic to the
Schwarzschild-de Sitter solution in the standard form for which gtt = −f(r), gtr = 0 and
grr = 1/f(r) with f(r) = 1− 2M/r − Λr2/3. The above result means that gtt, gtr and grr
obtained from this standard form by arbitrary change of time coordinate t→ T (t, r) also
satisfies the field equations (6). Because we have already fixed the spacetime coordinates by
the unitary gauge condition (21), these solutions obtained from the standard form by fixing
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the Stu¨ckelberg fields and applying the coordinate transformation only to the metric should
be regarded to be inequivalent mutually.
Finally, we notice that the above parameter relation is not the only case in which a metric
isomorphic to the Schwarzschild-de Sitter solution satisfies the field equation (6). In the
Appendix A, we exhaust all such possibilities.
4. Gauge invariant formulation for Black Hole perturbations
In this section, we introduce some notions to describe perturbations of a black hole spacetime
and its gauge-invariant treatment formulated previously in [15, 16]. We start from a general
spherically symmetric background metric given by
ds2 = gµνdx
µdxν = gab(y)dy
adyb + r2(y)dΩ2, (33)
where gab is the metric of a two-dimensional spacetime N
2 and
dΩ2 = γijdz
idzj = dθ2 + sin2 θdφ2 (34)
is the metric of a unit two-sphere S2, whose Ricci tensor is given by Rˆij = γij .
We denote the covariant derivative, connection coefficients and curvature tensors as
∇µ; Γµνλ, Rµνλσ (35)
for the four-dimensional whole spacetime,
Da; Γ
a
bc, Rabcd (36)
for the two-dimensional spacetime N 2, and
Dˆi; Γˆ
i
jk, Rˆijkl = γikγjl − γilγjk (37)
for the 2-sphere S2.
The spherical symmetry of the background requires the background energy-momentum
tensor to be given by
Tab = Tab(y), Tai = 0, T
i
j = P (y)δ
i
j . (38)
4.1. Tensorial decomposition of perturbations
We classify perturbation variables into two different types according to their tensorial behav-
ior on S2 so that we get a decoupled closed set of differential equations for each type of
perturbations. For that purpose, we decompose the tensors hab(y), hai(y) and hij(y) on S
2
defined by the metric perturbation hµν = δgµν as
hµνdx
µdxν = habdy
adyb + 2haidy
adzi + hijdz
idzj (39)
into these irreducible tensorial components as follows.
First, hab are scalar with respect to transformations over S
2. Next, the vector hai on S
2
can be uniquely decomposed into the scalar ha and the divergence-free vector h
(1)
ai as
hai = Dˆiha + h
(1)
ai ; Dˆ
ih
(1)
ai = 0, (40)
up to the addition of arbitrary functions only of y to ha, which correspond to the exceptional
l = 0 mode (S-mode) in the harmonic expansion explained later. This implies that this
exceptional mode for ha is a spurious mode and should be discarded.
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Finally, the 2-tensor hij on S
2 can be decomposed into three parts as
hij = 2Dˆ(ih
(1)
T j) + hLγij + Lˆijh
(0)
T ; Dˆ
ih
(1)
T i = 0, (41)
where
Lˆij = DˆiDˆj − 1
2
γij△ˆ. (42)
For this decomposition, h
(0)
T is uniquely determined up to functions belonging to the kernel of
the operator Lˆij , which consists of the S-mode (l = 0) and the l = 1 modes in the harmonic
expansion. Similarly, h
(1)
T i is unique up to a combination of the Killing vector of S
2 with
arbitrary functions of y as coefficients. This corresponds to the exceptional mode with l = 1
in the harmonic expansion. These exceptional modes are spurious as the S-mode for ha and
should be discarded in physical arguments. With this understanding, the scalar components
(hab, ha, hL, hT ) of the metric perturbation hµν describe the scalar perturbation, and the
vector components (h
(1)
ai , h
(1)
T i) describe the vector perturbation.
In a similar way, we can decompose the energy-momentum perturbations as
δT ai = DˆiδT
a + δT
(1)a
i ; Dˆ
iδT
(1)a
i = 0, (43a)
δT ij = δT
(1)i
j + δPδ
i
j + Lˆ
i
jδT
(0)
T , (43b)
where
δT
(1)j
j = 0, Dˆ
jT
(1)i
j = 0. (44)
Hence, the scalar and vector components of the perturbation of the energy-momentum ten-
sor consist of (δTab, δT
a, δP, δT
(0)
T ) and (δT
(1)a
i , δT
(1)i
j ), respectively. There exist spurious
exceptional modes in δT a and δT
(0)
T as in the metric perturbation decomposition.
4.2. Gauge invariant variables
The Einstein equations are invariant under the diffeomorphism generated by any vector field
ζM . The perturbation variable hµν and its image hµν −£ζgµν obtained by an infinitesimal
diffeomorphism should represent the same physical situation. Then, we have an ambiguity
since there are infinite varieties of values for the perturbation variables representing the same
physical situation. One way to remove this redundancy is to construct gauge-invariant vari-
ables and express the perturbation equations in terms of them. This automatically extracts
the physical degrees of freedom related to the perturbations.
We start from the gauge transformation laws for perturbation variables. First, for the
infinitesimal gauge transformation δxµ = ζµ, the metric perturbation hµν transforms as
hab → hab −Daζb −Dbζa, (45a)
hai → hai − r2Da
(
ζi
r2
)
− Dˆiζa, (45b)
hij → hij − 2Dˆ(iζj) − 2r(Dar)ζaγij . (45c)
Next, the perturbation of the energy-momentum tensor, δTµν , transforms as
δTab → δTab − ζcDcTab − TacDbζc − TbcDaζc, (46a)
δT ai → δT ai − T ab Dˆiζb + PDˆiζa, (46b)
δT ij → δT ij − ζdDaPδij . (46c)
8/26
These transformation laws can be translated to those for the perturbation variables describ-
ing each type of perturbations by decomposing the vector field ζµ into vector and scalar
components as
ζa = Ta, ζi = Vi + DˆiS; γ
ijDˆiVj = 0. (47)
Now, we execute this translation and construct gauge-invariant variables for each type of
perturbations.
4.2.1. Vector perturbations. For vector perturbations, the above gauge transformation law
for the metric perturbation can be translated into the irreducible vector components as
h
(1)
ai → h(1)ai − r2Da
(
Vi
r2
)
, (48a)
h
(1)
T i → h(1)T i − Vi. (48b)
From this, it follows that the combination
F
(1)
ai = h
(1)
ai − r2Da
(
h
(1)
T i
r2
)
(49)
is gauge invariant for generic modes. On the other hand, for the exceptional mode, h
(1)
T i does
not exist, and only the combination
F
(1)
abi := 2r
2D[a
(
r−2F
(1)
b]i
)
(50)
is gauge invariant.
In contrast to the metric perturbation, δT ai and δT
i
j for a vector perturbation of the
energy-momentum tensor become gauge invariant by themselves :
τ
(1)a
i := δT
(1)a
i , (51a)
τ
(1)i
j := δT
(1)i
j . (51b)
For the exceptional perturbations, τ
(1)i
j does not exist.
Note that any gauge-invariant variable for a generic vector perturbation can be expressed
as a linear combination of (F
(1)
ai , τ
(1)a
i , τ
(1)i
j ) and their derivatives. Further, we can express the
perturbation variables (h
(1)
ai , δT
(1)a
i , δT
(1)i
j ) in terms of these three gauge-invariant variables
and h
(1)
T i . Under gauge transformations, h
(1)
T i just transforms like ζi. Hence, if we express
this variable in terms of the gauge-invariant variables, gauge is automatically specified. The
exceptional perturbations should be treated with more care.
4.2.2. Scalar perturbations. For scalar perturbations, the scalar components of the metric
perturbation transform as
hab → hab − 2D(aTb), (52a)
ha → ha − Ta − r2Da
(
S
r2
)
, (52b)
hL → hL − 2r(Dar)Ta − ∆ˆS, (52c)
hT → hT − 2S. (52d)
If we define Xµ = (Xa,Xi = DˆiXL) as
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Xa := −ha + r
2
2
Da
(
hT
r2
)
, XL := −hT
2
, (53)
Xµ just transforms like Xµ → Xµ + ζµ:
(Xa,XL)→ (Xa + Ta,XL + S). (54)
Hence, we can define the following set of gauge-invariant variables for a generic metric
perturbation:
F
(0)
ab = hab + 2D(aXb), (55a)
F (0) = hL + 2r(D
ar)Xa + ∆ˆXL. (55b)
For the exceptional modes, these are not gauge invariant.
Similarly, for generic matter perturbations, we can construct the following basic gauge-
invariants:
Σ
(0)
ab = δTab +X
cDcTab + TacDbX
c + TbcDaX
c, (56a)
Σ
(0)a
i = DˆiδTa + T
a
b DˆiX
b − PDˆiXa, (56b)
Σ
(0)
L = δP +X
aDaP, (56c)
Π(0) = δT
(0)
T . (56d)
For the exceptional modes, all or some of these are not gauge invariant. Further, for the
S-modes, Σ
(0)
ai and Π
(0)
ij do not exist, and for the exceptional modes with l = 1, Π
(0)
ij does not
exist.
As in the vector case, any gauge invariant for generic scalar perturbations can be expressed
as a combination of the variables (F
(0)
ab , F
(0),Σ
(0)
ab ,Σ
(0)a
i ,Σ
(0)
L ,Π
(0)) and their derivatives.
Further, when we express the metric and matter perturbation variables in terms of these
gauge invariants and Xµ, we can fix gauge by specifying the Xµ as a linear function of
the gauge-invariant variables. In the next section, we work in the unitary gauge to derive
perturbation equations for the Schwarzschild-de Sitter black hole in the dRGT theory, and
then in Section 6, we will express the perturbation equations obtained there in the gauge-
invariant form using the formulation explained here.
4.3. Harmonic expansions
In practical arguments, it is often more convenient to use the harmonic expansions for
perturbation variables and their gauge-invariant combinations. We also use it in the subse-
quent sections. So, we here give some expressions for scalar and vector harmonic expansions
relevant to the analysis in our paper, but more details can be found in [15, 16].
First, in order to expand vector perturbations, we use the irreducible harmonic vectors
defined by the eigenvalue problem
△ˆVi = −k2vVi, DˆiVi = 0. (57)
For S2, the eigenvalue k2v is given by
k2v = l(l + 1)− 1, l = 1, 2, · · · . (58)
Note that Vi is proportional to ǫijDˆ
jS where S is some scalar harmonics with the same l.
The lowest mode with l = 1 is exceptional because it can be shown to be a Killing vector
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field on S2 and satisfies
Vij := − 1
kv
Dˆ(iVj) = 0. (59)
The basic variables for vector perturbations can be expanded in terms of the vector-type
harmonic basis as
h
(1)
ai = rfaVi, h
(1)
T i = −
r2
kv
HTVi, (60)
and correspondingly, the gauge-invariant variables are expanded as
F
(1)
ai = rFaVi, τ
(1)a
i = rτ
a
Vi, τ
(1)i
j = τTV
i
j, (61)
for the case of generic modes satisfying mV := k
2
v − 1 = (l + 2)(l − 1) > 0, where the indices
of the harmonic tensors are lowered and raised by γij. Here and in the following, we omit
the index for the harmonic basis and the corresponding summation symbols for simplicity.
For the exceptional modes with mV = 0, i.e. l = 1, there is only one gauge-invariant:
F
(1)
ab i = rF
(1)
ab Vi; F
(1)
ab = rDa
(
Fb
r
)
− rDb
(
Fa
r
)
. (62)
For scalar perturbations, we use a basis for the scalar harmonic functions satisfying the
eigenvalue problem
△ˆS = −k2sS; k2s = l(l + 1), l = 0, 1, 2, · · · , (63)
and the associated vector and tensors defined by
Si = − 1
ks
DˆiS, Sij =
1
k2s
LˆijS. (64)
In terms of these harmonic tensors, the perturbation variables for scalar perturbations can
be expanded as
hab = fabS, ha = − r
ks
faS, (65a)
hL = 2r
2HLS, hT = 2
r2
k2s
HTS, (65b)
δTab = τabS, δT
a = − r
ks
τaS, (65c)
δP = τLS, δT
(0)
T =
r2
k2s
τTS, (65d)
and the corresponding gauge-invariant variables are
F
(0)
ab = FabS, F
(0) = 2r2FS, (66a)
Σ
(0)
ab = ΣabS, Σ
(0)a
i = rΣ
a
Si (66b)
Σ
(0)
L = ΣLS, Π
(0) =
r2
k2s
τTS. (66c)
For exceptional modes, τT does not exist for the l = 0 and l = 1 modes, and Σa does not
exist for the l = 0 modes.
5. Perturbation analysis in the dRGT formalism
In this section, we derive perturbation equations for the Schwarzschild-de Sitter solution in
the dRGT theory with non-linear mass terms.
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5.1. Background solution
As we have shown in Section 3, when the theory parameters α and β satisfy the relation (17),
the Schwarzschild-de Sitter solution in the form (18) with S = S0 becomes an exact solution
to the field equations of the dRGT theory in the unitary gauge (21) for the Stu¨ckelberg
fields φa. In this form of the solution, the extra constant factor S0 appears in front of the
angular part of the metric. In studying perturbations of this background, we remove this
constant factor by the coordinate transformation S0r → r so that we can use various formula
for perturbations in the literature:
ds2 = gab(y)dy
adyb + r2(dθ2 + sin2 θdφ2), (67)
where the index a and b run over 0 and 1 with y0 = t and y1 = r. This coordinate
transformation transforms the unitary gauge condition (21) on the Stu¨ckelberg field to
φ0 = t, φ1 = x =
r
S0
cos θ, φ2 = y =
r
S0
sin θ cosφ, φ3 = z =
r
S0
sin θ sinφ (68)
in the Cartesian Minkowski coordinates, and the reference metric fµν to
fµνdx
µdxν = −dt2 + dr
2
S20
+
r2
S20
(dθ2 + sin2 θ dφ2). (69)
The metric (67) should be obtained from the standard form for the Schwarzschild-de Sitter
solution
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ22; f(r) = 1−
2M
r
− Λ
3
r2 (70)
by a coordinate transformation t→ T0(t, r) where T0(t, r) is an arbitrary function of t and
r with ∂tT0 6= 0. Hence,
gtt = −f(r)(∂tT0)2, gtr = −f(r)∂tT0∂rT0, grr = −f(r)(∂rT0)2 + 1/f(r). (71)
Thus, the background solution has a degeneracy represented by an arbitrary function of t
and r even under the spherical symmetry requirement. This degeneracy cannot be gauged
away because of the existence of the Stu¨ckelberg fields. This implies that the dRGT theory
is dynamically pathological at this background. We will see that this degeneracy extends to
freedom represented by an arbitrary function of full coordinates in the linear perturbation
level.
The above r-coordinate rescaling also affects the Q matrix. Because the dRGT theory has
general covariance, (g∗f∗) = (g
µαfαν) transforms as
g∗f∗ → T−1g∗f∗T ; T =


1 0 0 0
0 1/S0 0 0
0 0 1 0
0 0 0 1

 (72)
Because the mixed tensor Q should behave exactly as g∗f∗ under a coordinate transforma-
tion, the r-rescaling transforms Q from the old value Q′ to
Q = T−1Q′T =


a cS0 0 0
−S0c b 0 0
0 0 1− 1S0 0
0 0 0 1− 1S0

 (73)
12/26
Note that due to the r-rescaling, the expression for gab in terms of a, b, and c is modified
as follows:
gtt = − (1− b)
2 − c2
[(1− a)(1− b) + c2]2 , (74a)
S20grr =
(1− a)2 − c2
[(1− a)(1− b) + c2]2 , (74b)
S0gtr = − c(2 − a− b)
[(1− a)(1 − b) + c2]2 , (74c)
S−10 (−g(2))−1/2 = c2 + (1− a)(1− b). (74d)
Similarly, a, b and c are expressed in terms of the new metric gab as
1− a = 1
M¯1
(−S0gtt + (−g(2))−1/2), (75a)
c = − g
tr
M¯1
, (75b)
1− b = 1
M¯1
(S−10 g
rr + (−g(2))−1/2), (75c)
with
M¯1 = (−g(2))−1/2
(
−gtt + S20grr + 2S0(−g(2))1/2
)1/2
, (76)
g(2) = gttgrr − g2tr. (77)
5.2. Perturbation of X
Now, we calculate the perturbation of the tensor X = (Xµν ) corresponding to the metric
perturbation
hab = fab(t, r)Y, hai = rfa(t, r)Yi, hij = 2r
2 [HLY γij +HTYij ] , (78)
where Y , Yi and Yij represents the corresponding tensors for either the scalar or vector
harmonics. For vector perturbations, the terms in proportion to Y do not exist.
First, from (8), a perturbation of the matrix X is determined by δQ as
δX = δχ0 + δχ1Q + δχ2Q
2
+χ1δQ + χ2δQ
2 + χ3δQ
3. (79)
Here, δχn is a linear combination of δQn, which is given by
δQn =
n
2
Tr
[
h∗
∗
Q
n−1(1−Q)] , (80)
where h∗
∗
is the matrix notation for the mixed tensor hµν .
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In general, δQ is determined as the solution to
(1−Q)δQ + δQ(1 −Q) = −δ(M 2) = h∗
∗
M
2. (81)
In solving this, it is important that the background metric g and the matrix M = g∗f∗ are
the direct sum of two-dimensional submatrices,
g = g(1)(t, r)⊕ g(2)(θ, φ), (82a)
M = M(1) ⊕M(2), (82b)
because the calculations of δQab , δQ
a
i and δQ
i
j decouple from each other except for the
calculation of δQn, which can be directly calculated by the above formula. The results for
δQn are given in the Appendix B.
First, the angular part δQij can be easily calculated because 1−Q(2) = (1/S0)I2:
δQij =
1
2
S0h
i
k(M
2)kj =
1
S0
(HLY δ
i
j +HTY
i
j ). (83)
The corresponding components of δX are expressed in terms of this as
δXij =
{
δχ0 + δχ1
(
1− 1
S0
)
+ δχ2
(
1− 1
S0
)2}
δij
+
{
χ1 + 2χ2
(
1− 1
S0
)
+ 3χ3
(
1− 1
S0
)2}
δQij . (84)
The result of the calculation is
δXij = w(r)(HLδ
i
jY −HTY ij ), (85)
where
w(r) =
1 + α
α
{
β(c2 + ab) + α(a+ b) + 1
}
. (86)
Next, for the t− r part, solving the matrix equation
(δac −Qac )δQcb + δQac(δcb −Qcb) = −δ(M 2)ab = fac(M 2)cbY, (87)
we obtain
δQ(1) = −
1
2(2− TrQ(1))
[
δ(M 2(1)) + det(1−Q(1))(1−Q(1))−1δ(M 2)(1)(1−Q(1))−1
]
=
1
2(2 − a− b)
[
h∗
∗
M
2
(1) +
{
c2 + (1− a)(1− b)} (1−Q(1))f∗∗h∗∗(1−Q(1))] .(88)
Inserting this into
δXab = δχ0δ
a
b + δχ1Q
a
b + δχ2(Q
2)ab + χ1δQ
a
b + χ2(δQ
2)ab + χ3(δQ
3)ab, (89)
we find
δXab = 0. (90)
Finally, because (Qn)ai = 0 for the background Q, we have
δXai = χ1δQ
a
i + χ2δ(Q
2)ai + χ3δ(Q
3)ai. (91)
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Here,
δ(Q2)ai = (1− 1/S0)δQai +QabδQbi, (92a)
δ(Q3)ai = (1− 1/S0)2δQai + (1− 1/S0)QabδQbi + (Q2)abδQbi. (92b)
Hence,
δXai =
{
χ1 + (1− 1/S0)χ2 + (1− 1/S0)2χ3
}
δQai
+ {χ2 + (1− 1/S0)χ3}QabδQbi + χ3(Q2)abδQbi. (93)
Now, (81) for δQai reduces to
[(1 + 1/S0)δ
a
b −Qab] δQbi =
r
S20
faYi. (94)
Hence, we obtain
δXai =
1
S20
[ {
χ1 + (1− 1/S0)χ2 + (1− 1/S0)2χ3
}
δab
+ {χ2 + (1− 1/S0)χ3}Qab + χ3(Q2)ab
]
× ([1 + 1/S0 −Q(1)]−1)b cf cYi. (95)
By inserting the above background value for Q(1), we find this vanishes identically!!:
δXai = 0. (96)
5.3. Vector perturbations
For vector perturbations, the metric perturbation hµν = δgµν has the harmonic expansion
hab = 0, hai = rfaVi, hij = 2r
2HTVij. (97)
Similarly, a vector perturbation of the energy-momentum tensor
κ2τµν := κ
2δT µν = −m2δXµν (98)
has the harmonic expansion
τab = 0, τ
a
i = rτ
a
Vi, τ
i
j = τTV
i
j, (99)
where τa and τT are gauge-invariant.
From the calculations in the previous section, we obtain
τa = 0, (100a)
κ2τT = m
2w(r)HT . (100b)
These source terms have to satisfy the Bianchi identities, which for a vector perturbation
reduce to[15, 16]
Da(r
3τa) +
(l + 2)(l − 1)
2[l(l + 1)− 1]1/2 r
2τT = 0⇒ (l − 1)w(r)HT = 0. (101)
Because w(r) 6= 0 for β = α2, it follows that HT = 0 for l ≥ 2. Hence, the perturbation
equations are identical to those for the vacuum Einstein system, and for l ≥ 2, we obtain
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the additional constraint HT = 0. This implies that the general solution to the perturbation
equation is given by
fa = Fa, HT = 0 (102)
where Fa is the gauge-invariant variable for vector perturbations satisfying the perturbed
vacuum Einstein equations
1
r3
Db
(
r3F
(1)
ab
)
− mv
r2
Fa = −2κ2τa = 0, (103a)
kv
r2
Da(rF
a) = −κ2τT = 0. (103b)
In particular, we can conclude that the system is stable for vector perturbations.
For the exceptional mode with l = 1 for which HT does not exist, Fa is not gauge-invariant
and transforms for ζa = 0, ζ i = LVi as
δFa = −rDaL. (104)
We know that the general solution for l = 1 in the Einstein case is a linear combination of
this gauge mode and the rotational perturbation corresponding to the angular momentum
component in the Kerr metric[16]. Hence, the general solution in the present case is given
by
fa = −rDaL− 2aM
r
∂aT0(t, r). (105)
In particular, this shows that the dRGT theory admit a rotational black hole solution in the
linear perturbation level.
5.4. Scalar perturbations
For scalar perturbations,
δXab = δgacX
c
b + gacδX
c
b =
Λ
m2
fabS. (106)
Hence, the perturbation of the effective energy-momentum tensor is given by
τab = −Λfab, (107a)
κ2τa = 0, (107b)
κ2δP = −m2w(r)HL, (107c)
κ2τT = m
2w(r)HT . (107d)
The corresponding standard gauge-invariant variables are
κ2Σab = κ
2τab − 2ΛD(aXb) = −ΛFab, (108a)
κ2Σa = κ
2τa = 0, (108b)
κ2ΣL = −m2wHL (108c)
and τT . These should satisfy the conservation laws[15, 16]
1
r3
Da(r
3Σa)− ks
r
ΣL +
k2s − 2
2ksr
τT = 0, (109a)
1
r2
Db
[
r2(Σba + ΛF
b
a)
]
+
ks
r
Σa − 2Dar
r
ΣL = 0, (109b)
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where k2s = l(l + 1). These reduce to
−2l(l + 1)HL = (l + 2)(l − 1)HT (l ≥ 1), (110a)
HL = 0. (110b)
Hence, for all modes including the case l = 0, 1 for which HT does not exist, we obtain
the constraint HL = HT = 0, and the perturbation equations are identical to those for the
vacuum Einstein system with Λ, which has the structure
Eab = 2κ
2Σab = 0, (111a)
Ea = 2κ2Σa = 0, (111b)
EL = 2κ
2ΣL = 0, (111c)
−k
2
s
r2
F aa = 2κ
2τT = 0, (111d)
where Eab, Ea and EL are tensors written as differential linear combinations of the gauge-
invariants Fab and F . In particular, no instability occurs. The general solution for l ≥ 2 is
expressed in terms of the gauge-invariant quantities satisfying the perturbations equations
for the vacuum Einstein system with Λ as
f r = kF, (112a)
fab = Fab − 1
k
[Da(rfb) +Db(rfa)], (k > 0) (112b)
HL = HT = 0, (112c)
where f t(t, r) is left as an arbitrary function. This corresponds to the freedom associated
with the infinitesimal coordinate transformation, δt = T tS, δr = 0, δzi = 0:
δgfab = −DaTb −DbTa, δgfa = k
r
Ta, δgHL = δgHT = 0. (113)
The exceptional modes with l = 0, 1 should be treated with care. First, for the S-mode
with l = 0, the variables fa and HT do not exists. Hence,
Fab = fab, HL = 0. (114)
Now, Fab is not gauge invariant, and transforms as
δgfab = −DaTb −DbTa, (115a)
δgHL = −1
r
T r = 0. (115b)
The residual gauge freedom is represented by δt = T t(t, r). This result is consistence with
the existence of the degeneracy represented by the single function T0(t, r) in the background
solution.
Because the solution satisfies the Einstein equations, from the Birkhoff theorem, we know
that the general solution is a linear combination of the above gauge transformation from
the background solution and the perturbation corresponding to the variation of the mass
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parameter in the background metric,
ftt = δM∂M gtt, (116a)
frr = δM∂Mgrr, (116b)
ftr = δM∂Mgtr, (116c)
HL = 0. (116d)
Next, for the l = 1 mode, there exists no HT again, but now we have fa. However, due to
the absence of HT , F and Fab are not gauge invariant, and transforms under δy
a = T aS and
δzi = L(t.r)Si as
δgF = −k
2
L− r
k
graDaL, (117a)
δgFab = −1
k
[Da(r
2DbL) +Db(r
2DaL)]. (117b)
L is restricted by the condition HL = 0 as
δgHL = −k
2
L− 1
r
T r = 0. (118)
Because we know that the corresponding solutions with l = 1 to the vacuum Einstein sys-
tem is exhausted by (F,Fab) obtained from the trivial solution (0, 0) by the above gauge
transformation[15], the general solution to our perturbation equations with l = 1 is given by
fab = −DaTb −DbTa, (119a)
fa = −rDaL+ k
r
Ta, (119b)
HL = 0, (119c)
where
L = − 2
kr
T r. (120)
6. Gauge-invariant formulation for perturbations in the dRGT theory
Because the dRGT theory is a completely general covariant theory if the Stu¨ckelberg field
is treated as a dynamical one, the perturbation equations can be also written in the
gauge-invariant form by introducing gauge-invariant variables for the perturbation of the
Stu¨ckelberg field φα.
Let us denote a perturbation of φα as
σα = δφα. (121)
then, from the general theory, its gauge transformation under the coordinate transformation
δgx
µ = ζµ is given by
δgσ
α = −£ζφα = −ζµ∂µφα. (122)
In the unitary gauge, the background value of φα is
φt = t, φr =
r
S0
, φθ =
θ
S0
. φϕ =
ϕ
S0
. (123)
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Hence, for δgy
a = T a, δgz
i = LY i, σa transforms as
δgσ
t = −T
t
µ
, δgσ
r = −T
r
S0
, (124a)
δgσT = − L
S0
, (124b)
where
σi = σTY
i. (125)
6.1. Vector perturbations
For vector perturbations, we have
σa = 0, σi = σTV
i. (126)
From
δgfa = −rDaL, δgHT = kL, (127)
we can construct a gauge-invariant variable
σˆT = σT +
1
kS0
HT (128)
for generic modes with l ≥ 2, in addition to the standard gauge-invariant variable for the
metric,
Fa = fa +
r
k
DaHT . (129)
Then, the source term for the massive gravity equation can be expressed in terms of it as
τa = 0, κ2τT = m
2w(r)kS0σˆT . (130)
Hence, in terms of the gauge-invariant σˆT , our result is expressed as
σˆT = 0 (l ≥ 2). (131)
This implies that the dynamical degree of freedom of the Stu¨ckelberg field is completely
suppressed, and the perturbation of the metric behaves exactly in the same way as for the
Einstein gravity.
For the exceptional modes with l = 1, we only have a single gauge-invariant quantity
Fˆa = fa − S0r∂aσT . (132)
Our analysis showed that for l = 1, the general solution for Fa is given by
Fˆa = −rDaL− 2αM
r
∂aT0, (133)
where L(t, r) is an arbitrary function and α is an arbitrary constant corresponding to the
angular momentum parameter. Thus, a functional degeneracy appears.
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6.2. Scalar perturbations
For generic modes (l ≥ 2) of scalar perturbations, we adopt the gauge-invariant variables for
σα defined by
σˆt = σt +
Xt
µ
, (134a)
σˆr = σr +
Xr
S0
, (134b)
σˆT = σT +
1
kS0
HT . (134c)
In terms of these, the source terms corresponding to δX are expressed as
κ2Σab = −ΛFab, (135a)
κ2Σa = 0, (135b)
κ2ΣL = m
2w(r)
(
kS0
2
σˆT +
S0
r
Darσˆ
a − F
)
, (135c)
κ2τT = m
2w(r)kS0σˆT . (135d)
We have found that all of these gauge-invariant source terms vanish, hence
σˆr =
r
S0
F, σˆT = 0, (136)
but σˆt(t, r) can be an arbitrary function. Hence, the functional degeneracy appears even for
generic modes.
For the exceptional modes with l = 1, F , Fab, σˆ
a and σˆT are not gauge invariant because
we have to set HT = 0 in their definitions and transform as
δgF = −k
2
L− r
k
DrL, (137a)
δgFab = −1
k
{
Da(r
2DbL) +Db(r
2DaL)
}
, (137b)
δgσˆ
t = − r
2
µk
DtL, (137c)
δgσˆ
r = − r
2
S0k
DtL, (137d)
δgσˆT = − L
S0
. (137e)
However, we can construct the following basic gauge invariants from these:
Fˆ = F − S0r
k
DrσT − kS0
2
σT , (138a)
Fˆab = Fab − S0
k
{
Da(r
2Db(σT )) +Db(r
2Da(σT ))
}
, (138b)
σ˜t = σˆt − S0r
2
µk
Dt(σT ), (138c)
σ˜r = σˆr − r
2
k
Dr(σT ). (138d)
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The perturbation equations for these variables are obtained by the replacements
F → Fˆ , Fab → Fˆab, σˆa → σ˜a, σˆT → 0. (139)
Hence, the general solution for this case is expressed in terms of these variables as
Fˆ = −k
2
L− r
k
DrL, (140a)
Fˆab = − 1
k2
{
Da(r
2DbL) +Db(r
2DaL)
}
, (140b)
σ˜a = 0, (140c)
where L(t, r) is an arbitrary function.
Finally, for the exceptional modes with l = 0, from the gauge transformation formula
δgfab = −DaTb −DbTa, (141a)
δgHL = −1
r
T r, (141b)
we can construct the following gauge invariants from fab, HL and σa:
Fˆab = fab −Daσ˜b −Dbσ˜a, (142a)
Fˆ = HL − S0
r
σr, (142b)
where
σ˜t = σt, σ˜r = S0σ
r. (143)
We have shown that the general solution for l = 0 can be expressed in terms of these gauge
invariants as
Fˆtt = δM∂Mgtt + 2fT˙
t, (144a)
Fˆtr = δM∂Mgtr + f(h
′T˙ t + ∂rT
t)− f ′T t, (144b)
Fˆrr = δM∂Mgrr + 2h
′f∂rT
t, (144c)
Fˆ = 0, (144d)
where T t is an arbitrary function of t and r, and δM is an arbitrary constant corresponding
to the mass variation.
7. Summary and Conclusions
In the present paper, we first looked for the parameter relation for which the non-linear
massive gravity theory admits the Schwarzschild-de Sitter black hole as an exact solution
systematically. We found that when the parameters satisfies the relation β = α2, there exists
a family of solutions parameterized by an arbitrary function T0(t, r), which are isomorphic
to the Schwarzschild-de Sitter spacetime but are not equivalent if the configuration of the
Stu¨ckelberg fields are taken into account.
We next investigated the perturbative stability of this family of Schwarzschild-de Sitter-
type black holes in the framework of the dRGT formulation of the non-linear massive gravity
with β = α2. We found that the perturbative equations derived from the field equations of
the dRGT theory becomes identical to the perturbations equation for the vacuum Einstein
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theory with cosmological constant if we take into account the consistency condition obtained
from the field equations by the Bianchi identity. This consistency condition is essentially
equivalent to the field equation for the Stu¨ckelberg field. This implies that the Schwarzschild-
de Sitter black hole solution is stable in the non-linear massive gravity theory as far as the
spacetime structure is concerned at least in the linear perturbation level, in contrast to the
bi-Schwarzschild solution in the bi-metric theory.
In spite of this stability result, we found a pathological feature of the black hole solution
in the dRGT theory with the parameter relation β = α2; the general solution to the pertur-
bation equations contains an arbitrary function of the spacetime coordinates. This implies
that the predictability of dynamics is lost at least in the linear perturbation level around this
black hole solution. This degeneracy can be removed by coordinate transformations if we
neglect the Stu¨ckelberg fields. Hence, the pathology appears to come from the dynamics of
the Stu¨ckelberg fields. Because the Schwarzschild-de Sitter black hole becomes an exact solu-
tion only when the higher-order mass terms exist, there is a possibility that this pathology
might be removed in the non-linear level of perturbations.
Acknowledgement
This work is supported by the Grant-in-Aid for Scientific Research (A) (22244030) and the
Grant-in-Aid for Scientific Research on Innovative Area No. 21111006. I.A would like to
thank Gregory Gabadadze, Ruth Gregory and Robert Brandenberger for useful comments
and suggestions during PASCOS 2013 organized at National Taiwan University, Taipei. I.A
also would like to thank Takahiro Tanaka for useful discussions and comments during the
JGRG23 organized at Hirosaki University.
A. The other parameter choices admitting the Schwarzschild-de Sitter solution
In this appendix, we exhaust all possible choices of the parameters in which X becomes a
constant multiple of the unit matrix as m2Xµν = Λδ
µ
ν assuming that the spacetime metric
takes the spherically symmetric form (18) and the Stu¨ckelberg fields satisfy the unitary
gauge condition (21). We use the same notations as in §III.
i) c = 0, a = b. In this case, the condition
Xtt −Xθθ = (F1 + aF2)
(
a− 1 + 1
S
)
= 0, (A1)
implies a = 1− 1/S or a = −F1/F2, if we exclude the case F1 = F2 = 0 discussed in
Section 3. Then, from Xtt = Λ/m
2 = const, if follows that S is constant. Hence, the
metric must represent a flat spacetime and Λ = 0. Because the metric (18) with constant
coefficients has vanishing curvature if
g(2) = S
2gtt ⇔ S2
{
(1− b)2 − c2} = 1 (A2)
in general, in the present case, we obtain the constraint a = b = 1− 1/S. The corre-
sponding flat metric should have the form
ds2 = S2(−dt2 + dr2 + r2dΩ2). (A3)
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No constraint on α and β is required, but the value of S is restricted from the condition
Xtt = 0 to
S = 1,
3α+ 2β ±
√
9α2 − 12β
2(3 + 3α+ β)
. (A4)
The case a = −F1/F2 can be included in this solution as a special case.
ii) c = 0, a 6= b. In this case, we obtain F3 = 0 from Xtt = Xrr , hence S must be constant.
From this it follows that Xtt = (1/S − 1)(F1 + 1) = const. Next, from
0 = Xtt −Xθθ = (F1 + bF2)(a− 1 + 1/S), (A5)
we obtain a = 1− 1/S or b = −F1/F2, if we exclude the case F1 = F2 = 0 discussed
Section 3. Because c = 0, T0 should be a function only of t from (71). Hence, if a =
1− 1/S = const, the metric should be flat because gtt is constant from (28). Then, from
(A2), we obtain b=1-1/S=a, contradicting the assumption. Next, when b = −F1/F2 =
const, we find that the metric is flat and a is constant again. Now, from Xtt = −(F1 +
1)(1 − 1/S) = 0we obtain two constraints F1 = −1, F2 = S/(S − 1) because S = 1 leads
to F3 = 1. This means that b = 1− 1/S. This leads to the contradiction due to the
regularity condition (A2). Thus, this case has no other solution than those discussed in
Section 3.
iii) c 6= 0, a = b. In this case, F3 = 0 is required, and from Xtt = const, it follows that S is
constant. Then, from
0 = Xtt −Xθθ = F2
{
(a− 1 + 1/S)2 + c2
}
, (A6)
we obtain F2 = 0. Hence, this case is a special case of the case with F1 = F2 = 0 discussed
in Section 3.
iv) c 6= 0, a 6= b. Again, we obtain F3 = 0 and S = const. If F2 = 0, this case reduces to the
class F1 = F2 = 0 discussed in Section 3. Next, when F2 6= 0, the constraint
0 = Xtt −Xθθ = F2
[
(a− 1 + 1/S)(b − 1 + 1/S) + c2] (A7)
leads to
0 = c2 + (1− a− 1/S)(1 − b− 1/S) = c2 + (1− a)(1− b)− 2− a− b
S
+
1
S2
. (A8)
This should be satisfied by a, b, c corresponding to the Schwarzschild-de Sitter metric
ds2 = −f(Sr)dT0(t, r)2 + S
2dr2
f(Sr)
+ S2r2dΩ2. (A9)
From the general formula in Section 3, we obtain
c2 + (1− a)(1 − b) = 1
S|T˙0|
, (A10a)
2− a− b =M1 = 1
S|T˙0|
(
fT˙ 20 +
S2
f
− f(T ′0)2 + 2ST˙0
)1/2
, (A10b)
where T˙0 = ∂tT0, T
′
0 = ∂rT0, and f = f(Sr) is understood. Inserting these into the above
constraint, we obtain
(T ′0)
2 =
1− f(Sr)
f(Sr)
(
S2
f(Sr)
− T˙ 20
)
. (A11)
Hence, in this case, no relation is imposed on α and β, but instead the gauge trans-
formation function T0(t, r) is constrained. The value of S is determined by F3 = 0
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as
S =
α+ β ±
√
α2 − β
1 + 2α + β
, (A12)
and the corresponding cosmological constant is given by
Λ = −m2
(
1− 1
S
)(
2 + α− α
S
)
. (A13)
The condition Λ 6= 0 is given by
β 6= 3
4
α2 ⇔ Λ 6= 0. (A14)
Note that (A11) has a solution for T0 locally with respect to r at most in general. One
exception is the solution
T0 = St±
∫ Sr ( 1
f(u)
− 1
)
du. (A15)
Interestingly, this corresponds to a Finkelstein-type time coordinate which is regular at
the future horizon or the past horizon.
Finally, as the summary of this appendix, we give an exhaustive list of the spherically sym-
metric solutions isomorphic to the Schwarzschild-de Sitter solution and the corresponding
parameter constraints in the dRGT massive gravity theory:
◦ Solution F: The solution with a flat metric. The metric form should be that of (A3)
with S given by one of the values in (A4). No constraint on the parameters α and β is
required.
◦ Solution SdS-I: The Schwarzschild-de Sitter type solution discussed in Section 3. The
cosmological constant is given by Λ = m2/α, and the metric is given by (A9) with
S = α/(1 + α). The parameters are constrained as β = α2, but the function T0(t, r) can
be arbitrary.
◦ Solution SdS-II: The Schwarzschild-de Sitter type solution whose metric is given by
(A9) with constant S given by (A12) and the cosmological constant (A13). The param-
eters α and β are weakly constrained as β < α2, but the function T0 is constrained to
those satisfying (A11).
B. Explicit forms for δQ1, δQ2 and δQ3
δQ1 =
2(α + 1)
α
HLY +
1
2
{
(a− 1)3 − c2(2a+ b− 3)} htt
+
α2
2(α + 1)2
{−(b− 1)3 + c2(a+ 2b− 3)} hrr
+
αc
α+ 1
{
c2 − (a2 + b2 + ab− 3a− 3b+ 3)} htr, (B1)
δQ2 = −4(α+ 1)
α2
HLY +
{
c4 − (3a2 + b2 + 2ab− 6a− 3b+ 3)c2 + a(a− 1)3} htt
+
α2
(α+ 1)2
{−c4 + c2(a2 + 3b2 + 2ab− 3a− 6b+ 3)− b(b− 1)3} hrr
+
2αc
α+ 1
{
c2(2a+ 2b− 3)− a3 − b3 − ab(a+ b) + 3a2 + 3b2 + 3ab− 3a− 3b+ 1} htr,
(B2)
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δQ3 =
6(α + 1)
α3
HLY +
3
2
{
c4(3a + 2b− 3)
−c2(4a3 + b3 + 2ab2 + 3a2b− 9a2 − 3b2 − 6ab+ 6a+ 3b− 1) + a2(a− 1)3
}
htt
− 3α
2
2(α + 1)2
{
c4(3b+ 2a− 3)
−c2(4b3 + a3 + 2ba2 + 3b2a− 6ab− 9b2 − 3a2 + 6b+ 3a− 1) + b2(b− 1)3
}
hrr
+
3αc
α+ 1
{
− c4 + c2(3a2 + 3b2 + 4ab− 6a− 6b+ 3)− a4 − b4 − ab3 − a3b− a2b2
+3a3 + 3b3 + 3ab2 + 3a2b− 3a2 − 3b2 − 3ab+ a+ b
}
htr. (B3)
25/26
References
[1] V. Sahni, Dark Matter and Dark Energy, Lect.Notes Phys. 653 (2004) 141.
[2] J. Martin,Everything you always wanted yo know about the Cosmological Constant problem (But were
afraid to ask), Comptes Rendus Physique 13 (2012) 566.
[3] K. Tomita, , Mon. Not. Roy. Astron. Soc. 326 (2001) 287.
[4] H. Kodama, K. Saito and A. Ishibashi, Analytic formulae for the off-center CMB anisotropy in a general
spherically symmetric universe, Prog. Theor. Phys. 124 (2010) 163.
[5] H. Goto and H. Kodama, The Gravitational Lensing Effect on the CMB Polarisation Anisotropy in the
Lambda-LTB Model, Prog. Theor. Phys. 125 (2011) 815.
[6] J. W. Moffat, Modified gravitational theory as an alternative to dark energy and dark matter, astro-
ph/0403266; J. R. Brownstein and J. W. Moffat, Galaxy rotation curves without non-baryonic dark
matter, Astrophys.J. 636 (2006) 721; J. W. Moffat, Scalar-tensor-vector gravity theory, JCAP 0603
(2006) 004; J. R. Brownstein and J. W. Moffat, Galaxy cluster masses without non-baryonic dark
matter, Mon. Not. Roy. Astron. Soc. 367 (2006) 527.
[7] S. Deser and R. P. Woodard, Nonlocal Cosmology, Phys. Rev. Lett 99:111301, (2007); S. Deser and
R. P. Woodard, Observational viability and Stability of non-local Cosmology, arXiv:1307.6639, (2013);
S. Nojiri, S. D. Odintsov, M. Sasaki and Y. Zhang, Screening of cosmological constant in non-local
gravity, Phys.Lett. B696 (2011) 278; Ivan Arraut, Can a non-local model of gravity reproduce Dark
Matter effects in agreement with MOND?, Int. J. Mod. Phys. D 23, No. 1 (2014).
[8] C. de Rham, G. Gabadadze and A. J. Tolley, Resummation of massive gravity, Phys. Rev. Lett. 106,
231101, (2010).
[9] E. Babichev and A. Fabbri, Instability of Black Holes in massive gravity, Class. Quant. Grav. 30,
152001, (2013);
[10] R. Brito, V. Cardoso and Paolo Pani, Partially massless gravitons do not destroy general relativity black
holes, Phys.Rev. D87, (2013) 124024.
[11] R. Brito, V. Cardoso and P. Pani, Massive spin-2 fields on black hole spacetimes: Instability of the
Schwarzschild and Kerr solutions and bounds on the graviton mass, Phys. Rev. D88, 023514, (2013).
[12] C. de Rham and S. R. Petel, Massive gravity on de-Sitter and unique candidate for partially massless
gravity, J. Cosm. Astr. Phys 035, (2013); G. Gabadadze and A. Iglesias, General Massive Spin-2 on
de-Sitter background, arXiv:0809.2996; G. Gabadadze and A. Iglesias, Special massive spin-2 on the
de-Sitter space, JCP 0802, (2008), 030.
[13] S. Deser, M. Sandora and A. Waldron, Non-linear Partially Massless from massive gravity?, Phys. Rev.
D87, (2013) 101501; C. de Rham, K. Hinterbichler, R. A. Rosen and A. J. Tolley, Evidence for and
obstruction to non-linear Partially MAssless Gravity, Phys.Rev. D88 (2013) 024003.
[14] L. Berezhiani, G. Chkareuli, C. de Rham, G. Gabadadze and A. . Tolley, On black holes in massive
gravity, Phys.Rev. D85 (2012) 044024. , (2011).
[15] H. Kodama, A. Ishibashi and O. Seto, Brane World cosmology: Gauge invariant formalism for
perturbation, Phys. Rev. D 62, 064022.
[16] H. Kodama, Perturbations and Stabilities of Higher-Dimensional black holes, Lect Notes Phys. 769
(2009), 427-470; A. Ishibashi and H. Kodama, Stability of Higher-Dimensional Schwarzschild Black
Holes, Prog. Theor. Phys. 110, (2003),5.; A. Ishibashi and H. Kodama, Perturbations and Stability
of Static Black Holes in Higher Dimensions, Prog. Theor. Phys. Supp. 189, (2011); H. Kodama and
A. Ishibashi, Stability of Generalised Static Black Holes in Higher Dimensions, Proceedings of the
Conference C03-08-10.1.
26/26
